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In this document, we give the proofs of one lemma and two theorems used in the main paper.  

1. Proof of Lemma 1 

Lemma 1 If 𝑪, 𝑫 ∈ 𝑅𝑚×𝑛 satisfy 𝑪𝑇𝑫 = 0, we have 
‖𝑪 + 𝑫‖𝑾 ≥ ‖𝑪‖𝑾 
‖𝑪 + 𝑫‖𝐹 ≥ ‖𝑪‖𝐹 

 

Proof. 

Let 𝜆𝑘(𝑿)  and 𝜎𝑘(𝑿)  denote he 𝑘 th eigenvalue and singular value of matrix  𝑿 ∈ 𝑅𝑚×𝑛 , respectively, and 𝕊  is the 

subspace of 𝑅𝑛. Based on the Courant-Fischer MaxMin Theorem, we can obtain that 

𝜆𝑘(𝑪𝑇𝑪 + 𝑫𝑇𝑫) = max
𝑑𝑖𝑚(𝕊)=𝑘

min
𝒀≠0
𝒀∈𝕊

(𝒀𝑇𝑪𝑇𝑪𝒀 + 𝒀𝑇𝑫𝑇𝑫𝒀)

𝒀𝑇𝒀
                                                     

= max
𝑑𝑖𝑚(𝕊)=𝑘

min
𝒀≠0
𝒀∈𝕊

𝒀𝑇(𝑪𝑇𝑪 + 𝑫𝑇𝑫 + 𝑫𝑇𝑪 + 𝑪𝑇𝑫)𝒀

𝒀𝑇𝒀
 

= max
𝑑𝑖𝑚(𝕊)=𝑘

min
𝒀≠0
𝒀∈𝕊

𝒀𝑇(𝑪 + 𝑫)𝑇(𝑪 + 𝑫)𝒀

𝒀𝑇𝒀
                      

= 𝜎𝑘
2(𝑪 + 𝑫)                                                                                                           (a.1) 

𝜆𝑘(𝑪𝑇𝑪) = max
𝑑𝑖𝑚(𝕊)=𝑘

min
𝒀≠0
𝒀∈𝕊

(𝒀𝑇𝑪𝑇𝑪𝒀)

𝒀𝑇𝒀
                                                            

= 𝜎𝑘
2(𝑪)                                                                                                                   (a.2) 

Since 𝒀𝑇𝑫𝑇𝑫𝒀 ≥ 0, we can obtain that 
(𝒀𝑇𝑪𝑇𝑪𝒀 + 𝒀𝑇𝑫𝑇𝑫𝒀)

𝒀𝑇𝒀
≥

(𝒀𝑇𝑪𝑇𝑪𝒀)

𝒀𝑇𝒀
                                                                                    (a. 3) 

𝜎𝑘
2(𝑪 + 𝑫) ≥ 𝜎𝑘

2(𝑪)                                                                                            (a. 4) 

|𝜎𝑘(𝑪 + 𝑫)| ≥ |𝜎𝑘(𝑪)|                                                                                           (a. 5) 

Based on the definition of ‖∙‖𝐹 and ‖∙‖𝑾, we can obtain that 

‖𝑪 + 𝑫‖𝑾 = ∑|𝜔𝑖𝜎𝑖(𝑪 + 𝑫)|

𝑖

≥ ∑|𝜔𝑖𝜎𝑖(𝑪)|

𝑖

= ‖𝑪‖𝑾                                                                (a. 6) 

‖𝑪 + 𝑫‖𝐹
2 = ∑ 𝜎𝑘

2(𝑪 + 𝑫)

𝑖

≥ ∑ 𝜎𝑘
2(𝑪)

𝑖

= ‖𝑪‖𝐹
2                                                                      (a. 7) 

2. Proof of Theorem 1 

Theorem 1 Given 𝑸 ∈ ℝ𝑚×𝑛 where 𝑸 = 𝑼𝑸𝑫𝑸𝑽𝑸
𝑇 , the minimization problem  

arg min
𝑷

1

2
‖𝑷 − 𝑸‖𝐹

2 + 𝜏‖𝑷‖𝑾                                                                            (a. 8) 

has solution 𝑷̂ = 𝑼𝑸𝚺̂𝑷𝑽𝑸
𝑇 , where 𝚺̂𝑷 is the solution of the following optimization problem: 

𝚺̂𝑷 = arg min
𝚺̂𝑷

1

2
‖𝚺̂𝑷 − 𝑫𝑸‖

𝐹

2
+ 𝜏‖𝚺̂𝑷‖

𝑾
                                                                    (a. 9) 

Proof.  
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Define that 𝑼𝑸⊥ is the set of orthogonal based of the complementary space of 𝑼𝑸, the matrix 𝑷 can be expressed as 𝑷 =

𝑼𝑸𝑩1 + 𝑼𝑸⊥𝑩2, where 𝑩1 and 𝑩2 are the components of 𝑷 in subspaces 𝑼𝑸⊥ and 𝑼𝑸, respectively. Then, we can get 

𝑓(𝑷) =
1

2
‖𝑷 − 𝑸‖𝐹

2 + 𝜏‖𝑷‖𝑾                                                                               

=
1

2
‖𝑼𝑸𝑩1 + 𝑼𝑸⊥𝑩2 − 𝑼𝑸𝑫𝑸𝑽𝑸

𝑇 ‖
𝐹

2
+ 𝜏‖𝑼𝑸𝑩1 + 𝑼𝑸⊥𝑩2‖

𝑾
 

Based on Lemma 1, the function can be expressed as 

𝑓(𝑷) ≥
1

2
‖𝑼𝑸𝑩1 − 𝑼𝑸𝑫𝑸𝑽𝑸

𝑇 ‖
𝐹

2
+ 𝜏‖𝑼𝑸𝑩1‖

𝑾
                                                                    (a. 10) 

Similarly, for 𝑽𝑸 we can get 

𝑓(𝑷) ≥
1

2
‖𝑼𝑸𝚺𝑷𝑽𝑸

𝑇 − 𝑼𝑸𝑫𝑸𝑽𝑸
𝑇 ‖

𝐹

2
+ 𝜏‖𝑼𝑸𝚺𝑷𝑽𝑸

𝑇 ‖
𝑾

                                                         (a. 11) 

Since 𝑼𝑸 and 𝑽𝑸 will be not change ‖∙‖𝐹 and ‖∙‖𝐰,∗, we can get 

𝑓(𝑷) ≥
1

2
‖𝚺𝑷 − 𝑫𝑸‖

𝐹

2
+ 𝜏‖𝚺𝑷‖𝑾                                            

Therefore, according to the solution of Eq. (a. 11), the solution of Eq. (a. 10) can be obtained by 𝑷̂ = 𝑼𝑸𝚺̂𝑷𝑽𝑸
𝑇  

3. Proof of Theorem 2 

Theorem 2 Given  𝜏 > 0 , 𝑷, 𝑸 ∈ ℝ𝑚×𝑛  where  𝑸 = 𝑼𝑸𝑫𝑸𝑽𝑸
𝑇 , 𝑫𝑸 = 𝑑𝑖𝑎𝑔(𝛿𝑸1, ⋯ , 𝛿𝑸𝑟 , 𝛿𝑸(𝒓+1), ⋯ , 𝛿𝑸ℓ)  and ℓ =

𝑚𝑖𝑛(𝑚, 𝑛) . We can define  𝑸 = 𝑸1 + 𝑸2 , 𝑸1 = 𝑼𝑸1𝑫𝑸1𝑽𝑸1
𝑇  and 𝑸2 = 𝑼𝑸2𝑫𝑸2𝑽𝑸2

𝑇 , where 𝑫𝑸1 =

𝑑𝑖𝑎𝑔(𝛿𝑸1, ⋯ , 𝛿𝑸𝑟 , 0, ⋯ ,0) , 𝑼𝑸1  and 𝑽𝑸1  are the singular vector matrices corresponding to the 𝑟 th largest singular 

values , 𝑫𝑸2 = 𝑑𝑖𝑎𝑔(0, ⋯ ,0, 𝛿𝑸(𝒓+1), ⋯ , 𝛿𝑸ℓ), 𝑼𝑸2 and 𝑽𝑸2 corresponding to the singular values from (𝑟 + 1)th to the last. 

‖∙‖𝑾 is defined as Eq. (30) and Eq. (31). The optimal solution of the minimization problem 

arg min
𝑷

1

2
‖𝑷 − 𝑸‖𝐹

2 + 𝜏‖𝑷‖𝑾 

can be expressed as 

𝑷∗ = 𝒟𝜏,𝑾[𝑸] = 𝑼𝑸(𝑫𝑸1 + 𝑆𝜏[𝑫𝑸2])𝑽𝑸
𝑇 = 𝑸1 + 𝑼𝑸2𝑆𝜏[𝑫𝑸2]𝑽𝑸2

𝑇  

Proof. 

Based on the Theorem 1, we can get the equivalent solution of the problem (40), namely 𝑷̂ = 𝑼𝑸𝚺̂𝑷𝑽𝑸
𝑇  where 𝚺̂𝑷 =

arg min
𝚺𝑷

1

2
‖𝚺𝑷 − 𝑫𝑸‖

𝐹

2
+ 𝜏‖𝚺𝑷‖𝐖, and 𝚺𝑷 = 𝑑𝑖𝑎𝑔{𝜎1(𝑷), ⋯ , 𝜎ℓ(𝑷)}. The minimize function of 𝚺̂𝑷 can be expressed as 

𝒯(𝚺𝑷) =
1

2
∑(𝜎𝑖

2(𝑸) − 2𝜎𝑖(𝑷)𝜎𝑖(𝑸)+𝜎𝑖
2(𝑷))

ℓ

𝑖=1

+ 𝜏 ∑ 𝜎𝑖(𝑷)

ℓ

𝑖=𝑟+1

                                          (a. 12) 

𝜎𝑖
2(𝑸) can be regarded as a constant and ignored. Therefore, the function can be expressed as  

𝒯(𝚺𝑷) =
1

2
∑(−2𝜎𝑖(𝑷)𝜎𝑖(𝑸)+𝜎𝑖

2(𝑷))

ℓ

𝑖=1

+ 𝜏 ∑ 𝜎𝑖(𝑷)

ℓ

𝑖=𝑟+1

                                                            

=
1

2
(∑(−2𝜎𝑖(𝑷)𝜎𝑖(𝑸)+𝜎𝑖

2(𝑷))

𝑟

𝑖=1

+                 ∑ (−2𝜎𝑖(𝑷)𝜎𝑖(𝑸)+𝜎𝑖
2(𝑷) + 2𝜏𝜎𝑖(𝑷))

ℓ

𝑖=𝑟+1

) (a. 11) 

Since each 𝜎𝑖(𝑷) is independent in Eq. (a.11) and it is easy to see that the minimum of 𝒯(𝚺𝑷) is obtained at 𝚺̂𝑷 =

𝑑𝑖𝑎𝑔(𝜎̂1(𝑷), ⋯ , 𝜎̂ℓ(𝑷)), where 𝜎̂𝑖(𝑷) is defined as  
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𝜎̂𝑖(𝑷) = {
𝜎𝑖(𝑸) 𝑖𝑓 𝑖 < 𝑟 + 1

𝑚𝑎𝑥(𝜎𝑖(𝑸) − 𝜏, 0) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
.                                                           (a. 12) 

Hence, the solution of Eq. (42) is 𝑷̂ = 𝑼𝑸𝚺̂𝑷𝑽𝑸
𝑇 = 𝒟𝜏,𝑾[𝑸] = 𝑸1 + 𝑼𝑸2𝑆𝜏[𝑫𝑸2]𝑽𝑸2

𝑇 . 

 

 

 


