Supplementary Material to “Adaptive Rank Estimate in Robust Principal
Component Analysis”

In this document, we give the proofs of one lemma and two theorems used in the main paper.

1. Proof of Lemma 1

Lemma 1 If C,D € R™ ™ satisfy CTD = 0, we have
IC + Dllw = lICllw
IC + DIl = |ICll¢

Proof.

Let 1,(X) and g, (X) denote he kth eigenvalue and singular value of matrix X € R™*™, respectively, and S is the
subspace of R™. Based on the Courant-Fischer MaxMin Theorem, we can obtain that
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Since YTDTDY > 0, we can obtain that
(YTCTCY + YTDTDY) . (YTCTCY)

Y'Y Y'Y (@3)
(€ + D) = 0,*(0) (a.4)
lo (€ + D)| = |0, (O)] (a.5)
Based on the definition of ||-||z and ||-||,, we can obtain that
1€+ Dl = ) lwiai(€ + D) = Y [0:6(©)] = ICllw (a.6)
i i
lc+DIE =) a2+ D) = Y a2(0) = c; @7
i i
2. Proof of Theorem 1
Theorem 1 Given Q € R™*™ where Q = UQDQVS, the minimization problem
arg;nin%IIP—QII% + 7lIPllw (a.8)
has solution P = UQEPVS, where Zp is the solution of the following optimization problem:
= argfinin% |Zr — DQ”i + ‘L'||fp||w (a.9)

Proof.



Define that Uy, is the set of orthogonal based of the complementary space of Uy, the matrix P can be expressed as P =
UyB; + Uqy, B,, where B, and B, are the components of P in subspaces Uq, and Uy, respectively. Then, we can get

1
f(P) =5 1IP = QlI +<llPllw

1 -
=5 UgBy + Uq. B, — UgDoVi||, +7[|UqB: + U, Bz,

Based on Lemma 1, the function can be expressed as
1 2
f(P) 2 5||UgBy — UgDoV||, + 7| UgB: |, (a.10)

Similarly, for V, we can get

1
f(P) =5 [|UgZpV — UgDoVoll, +1llUeZsVell, (a.11)

Since U, and V4 will be not change ||| and ||||y,., we can get

1 2
fp) = E”zP - DQ”F +7lIZpllw
Therefore, according to the solution of Eq. (a. 11), the solution of Eq. (a. 10) can be obtained by P = UyZ,V7,

3. Proof of Theorem 2

Theorem 2 Given 7>0, P, Q € R™" where Q = UgDoVy , Dy = diag(8g1, -+, Sqr Sqar+1) -+ 8ge) and £ =
min(m,n) . We can define Q=Q:+Q; , Q =U¢gDg:Vy, and Q, =Ug,Dy,Vy, . Where Dy, =
diag(cSQl,---,SQT,O,---,O), Uy, and Vg, are the singular vector matrices corresponding to the rth largest singular
values, Do, = diag(O, 0, 8g@+1) -‘-,604), Uy, and V, corresponding to the singular values from (r + 1)th to the last.

[|Ilw is defined as Eq. (30) and Eq. (31). The optimal solution of the minimization problem
argpmin% IP — Q|2 + T||P|lw

can be expressed as
P' =D, w[Q] = Uy(Dy, + ST[quDVtT) =Q;+ UQZST[qu]Vthz

Proof.

Based on the Theorem 1, we can get the equivalent solution of the problem (40), namely P = UQEPVS where £p =

arg rrg})n% |z — DQ||; + 7|1Zp|lw, and Ep = diag{o,(P), -, ,(P)}. The minimize function of £, can be expressed as
£ £

TE) =2 (6:2(Q) - 20:(P)o(@+aZP)) +1 Y 0i(P) (a.12)
2

i=1 i=r+1

0;2(Q) can be regarded as a constant and ignored. Therefore, the function can be expressed as
£

k2
1
T@p) =5 ) (“26:(P)a(@+07(P) +7 ) a(P)

r ¢
1
=3 Z(—foi(P)Ui(QHGiZ(P)) + Z (—20,(P)0;(Q)+0.2(P) + 210,(P)) | (a.11)

Since each o;(P) is independent in Eq. (a.11) and it is easy to see that the minimum of 7 (Zp) is obtained at £p =
diag(6,(P), -, 6,(P)), where 6;(P) is defined as



0;(@) ifi<r+1

max(o;(Q) —7,0) otherwise ° (a.12)

6,(P) = {

Hence, the solution of Eq. (42) is P = UgZpVy = Dow[Q] = Q1 + Ug2S;[Dg2|Ve-



